Spin quantum Hall effects in featureless non-fractionalized spin-1 magnets 
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AKLT state (or Haldane phase) in a one-dimensional spin-1 chain represents a large class of gapped 
featureless non-fractionalized paramagnets, which hosts symmetry-protected gapless excitations on 
the boundary. In this work we show how to realize this type of featureless spin-1 states on a generic 
two-dimensional lattice. These states have a gapped spectrum in the bulk but supports gapless 
excitations protected by spin rotational symmetry along a certain direction, and are featured by 
spin quantum Hall effect. Using fermion representation of integer-spins we show a concrete example 
of such spin-1 paramagnets on kagome lattice, and suggest a microscopic spin-1 Hamiltonian which 
may realize it. 
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Introduction — The fate of frustrated quantum mag- 
nets at very low temperatures has for long been an impor- 
tant question in condensed matter physics^[2]- In con- 
trast to unfrustrated magnets where all spins freeze into 
an ordered pattern {e.g. all spins aUgn in the same direc- 
tion in a ferromagnet) below a certain critical tempera- 
ture, geometric frustrations and/or quantum fluctuations 
could strongly suppress the ordering tendency in frus- 
trated magnets. When these frustrations/fluctuations 
dominate, the magnets refuse to order even down to zero 
temperature and form a liquid-like cooperative paramag- 
net. One possibility for such a zero-temperature disor- 
dered many-spin state is the quantum spin liquid[31 [3], 
which supports bulk quasiparticle excitations carrying 
fractional quantum numbers [S] [6j. Another possibility 
is a non-fractionalized featureless spin state, which is 
gapped in the bulk but hosts exotic gapless excitations 
on the boundary. A famous example of such featureless 
spin states is the AKLT state[71 H] in a spin-1 chainjS]. 
On each end of an open spin-1 AKLT chain there is 
a spin-half excitation. Recently it was revealed that 
the stability of such a non-fractionalized gapped phase 
(and its boundary excitations) are protected by certain 
svmmetrv |10l [TT| . In other words, in the absence of any 
symmetry, such a AKLT-type state can be continuously 
connected to a trivial product state (with no boundary 
excitations) without closing the bulk energy gap. These 
non-fractionalized gapped phases are hence coined^l2j 
"symmetry protected topological phases". For instance 
AKLT state in one spatial dimension can be protected by 
either 5*0(3) spin rotational symmetry or time reversal 
symmetry [TT]. 

It's natural to ask: in two spatial dimensions, are 
there such gapped non-fractionalized featureless states 
for integer spins, analogous to one-dimensional AKLT 
state (or Haldane phase)? The answer is yes. In fact 
there are an infinite number of different gapped non- 
fractionalized integer-spin phases, which have gapless 
edge excitations protected by either 5*0(3) or U{1) spin 
rotational symmetry [T^HIl]. They are also featured by 



spin quantum Hall effect p!51 [T5] . i.e. quantized spin Hall 
conductance a^y = 2k, k £ Z in unit of h/2n. To be 
specific, the spatial variation of external Zeeman field 
Bz in y-direction would lead to a spin current in x- 
direction: 



The gapless edge states and quantized response a^y will 
be protected as long as U{l)s' (spin rotation along z- 
axis) symmetry is preserved. Notice that spin quan- 
tum Hall effect here is different from the quantum spin 
Hall effect [T7Ul9j . which on the other hand measures 
the spin response to a transverse electric field. Simi- 
lar gapped featureless boson states protected by U{1) 
symmetry (boson charge conservation) have been pro- 
posed in the continuum|13l IT? and on the lattice [5nil21j . 
However so far a lattice realization of these featureless 
non-fractionalized phases in a integer-spin system is still 
missing. 

In this work we propose a general way to realize these 
AKLT- like featureless gapped spin-1 states protected by 
U{l)s' symmetry on a two-dimensional lattice. We use 
the fermion representation^22, of integer spins to con- 
struct their many-body wavef unctions. We also derive 
low-energy effective theory of these featureless gapped 
phases and their spin quantum Hall responses with a^y = 
±2. A careful analysis shows that their edge excitations 
are protected to be gapless as long as U{l)s^ symme- 
try is not broken. A concrete example of spin-1 magnets 
on kagome lattice is provided to demonstrate the general 
construction: the corresponding gapped featureless spin- 
1 state preserves all kagome lattice symmetries as well as 
U{l)s' spin rotational symmetry. Such a state has no 
net magnetization. Moreover a microscopic Hamiltoni- 
ans which may realize these states on kagome lattice is 
proposed. 

Fermionic representation of S — 1 spins — For arbi- 
trary spin-S* one can introduce 25-1-1 species of fermions 



2 



{fm\ — S < m < S} to represent the spin operator [551 153]: 

S-/tl/, f={fsJs-u---J-sf- (2) 

where three (25* + 1) x (25 + 1) matrices are given by 

I?n,n = {S,m\S°-\S,n), a = x,y,z. 

\S,m) stands for the = m eigenstate of a spin-S*. In 
the case of spin-1 e.g. we have 



s+ = s- + isy = V2{fljo + /oV-i), 
5^ = /ii/+i-/li/-i. 



(3) 



The Hilbert space of these 25+1 species of fermions 
(2^'^+-'^-dimensional) is larger than the physical (25+ 1)- 
dimensional Hilbert space of a spin-5, therefore we need 
to project the fermion system into the physical Hilbert 
space of spins. Such a projection is enforced by the fol- 
lowing single-occupancy constraint: 



Nf 



^ ] fmfm — 1- 



(4) 



In other words the physical spin-5 state \spin} is obtained 
by projection P{Nf = 1) 



\sptn)^P{Nf = l)\fe 



(5) 



on fermion state \fermion) . More specifically, the many- 
body wavefunction $(5^ — rrir) for spin-5 operators 
Sr = J2m,n fr,m'^m,nfr,n ou a lattice (r dcuotcs lattice 
sites) is given by 



$({5r^-mr}) = (0|n/r.™J/e 



(6) 



where |0) denotes the vacuum for fermions {/m}. The 
fermion state \ fermion) must have the proper filling: 
i.e. one fermion per site on average, otherwise the pro- 
jection Q or Q will vanish identically. 

Many-body wavefunction and effective theory — Under 



a spin rotation i?| 



along z-axis by an angle 



the fermions {/m} transform as 
fm {ReYfrnRe = 



^ i 7n6 



frr 



(7) 



up to a U{1) gauge redundancy i34j — !• e^'f'fm, 
[0,2n). 

We construct the fermion state \ fermion) by filling 
energy levels of the following hopping Hamiltonian of 
fermions: Hf = Y.'^,n=-sT.ry ft,mK]v' fr' ,n- Notice 
that the number of fermions in the mean-field ground 
state \ fermion) {i.e. the number of filled energy levels) 
is equal to the total number of lattice sites, in order to 
guarantee the constraint Q on every site. In the pres- 
ence of U{l)s^ spin rotational symmetry along z-axis, 
those hopping terms mixing different species of fermions 



are forbidden by symmetry ([?]) and the above hopping 
Hamiltonian reduces to T-Cf 



■•r.r' 
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H 



f 



y ] y ] /r.m^r.r'/i 



(8) 



m— — S r,r' 



In order to obtain a gapped spin-5 state, we require 
that each species of fermions fm to form a band insu- 
lator respectively. Constraint Q implies that on aver- 
age the filling number of each species of fermions fm is 
ly = 1/(25 + 1) per site. 

Now let's focus on a spin-1 system on a lattice {r}, 
which involves 3 species of fermions {fr,+i] fr,o] fr.-i} 
in the fermion representation (|3|. Since each species 
of fermions /r,m has a filling v = 1/3 per site and 
forms a band insulator, there is a well-defined Chern 
number [24] Cm (or Hall conductance) for each species 
of fermions. In the following we derive the effective the- 
ory of the spin-5 state obtained from projection ^ on 
the fermion state. For simplicity we first assume the to- 
tal Chern number for all filled bands of fermion species 
fm is Cm = il- Conserved fermion currents can 
be expressed in terms of dynamical U{1) gauge fields 
as J}^, = ^a.ar = -5, -5 + 1, • • • , 5) by 
non-relativistic duality transformation [551 US] in 2 + 1- 
dimensions. Summation over repeated indices ^,v,X = 
t,x,y is always assumed. The fermion band structure is 
described by the following effective Chern-Simons theory: 



An 



rn=-S 



The local constraint Q can be written in a covariant 
form: 



9. 



s 



m=~S 



d^ax 



where is a non-dynamical (constant) background field, 
whose field strength J° = (S^Oj, — dyax)/2Tr =constant 



(^r.h.s. of Ec^. (4|j. Now the constraint (4 1 can be im- 
plemented by introducing an extra U{1) gauge field &p 
serving as a Lagrangian multiplier: 

s 



constraint 



ax 



After integrating out the gauge fields 5^ and a°, we can 
obtain the low-energy long-wavelength effective theory of 
an 5 = 1 (spin-1) state ([6]): 



C 



cs 



■'constraint 



4ir 



,-1 



K 



,+1 



where 2x2 matrix K is given by 



K = 



C+i + Cq 
Co 



Co 
C-i + Co 



(9) 
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In the presence of U{l)s'= spin rotational symmetry, the 
spin current of S'^ component is conserved and we can 
couple it to an external spin gauge field A^: 



^eff - CcS - 



( E 



m=-S 



(10) 



By integrating out the dynamical gauge fields a^^, one 
can obtains the quantized Hall response for spin (S^) 
transport of the S — 1 state: 

r — C+i+C-i+4Ca e^Asfl As 

'-response — C+iC_i +Co (C+i+C_i ) ' 47r ^m'^'' A 




In other words the spin quantum Hall conductance is 

= c+iC-i+Co?c+t+C-i) °f 2?) for this spin- 

1 state. As will be discussed later, gapless edge states 
protected by U{l)s' symmetry are responsible for the 
spin quantum Hall effect [T^ here. 

Notice that for a spin-1 state described by effective the- 
ory ( 10 ), its ground state degeneracy on a torus [271 E5] is 
I det K| in ([9]). For the case[35] C+i = C_i = -Co = ±1, 
we have detK = — 1 and hence all the excitations are 
bosons {i.e. no fractionalization) in the corresponding 
spin-1 state Therefore it is a gapped featureless non- 
fractionalized spin-1 state with U{l)s^ symmetry. Be- 
sides it has gapless edge excitations protected by U{l)s' 
symmetry [T3 | iM j [T6 l [29] . responsible for the spin quan- 
tum Hall conductance a^y — ±2. 

Edge excitations protected by U{l)s- symmetry — Since 



the effective Chern-Simons theory (10) for the spin-1 



state is obtained, its edge theory is straightforwardly ob- 
tained from bulk-edge correspondence [30]. One can eas- 
ily show [13] that no matter what perturbations are added 
to the system, there will be gapless edge excitations as 
long as U{l)s' symmetry is preserved on the edge. The 
effective edge theory (the edge is along ^-direction) de- 
rived from bulk Chern-Simons theory ( 10 1 is 



Cedge = 4^ J2l.,J=±l {^I ,jdt(t)ld^(l)J ~ Y I ^jdx(j)ldx4'j) 

Em^o m{Ald^(j,m - A%dt(j)m)- 

where V/.j is a positive-definite real symmetric matrix 
which determines the velocity of edge modes. The S"^ 
density for the spin-1 system on the edge is given by 

m=±l 

and this component is in general gapped in the pres- 
ence of C/(1)5j symmetry. On the other hand, the trans- 
verse components of spin-1 on the edge become 

s+ix) = s'^ix) + isy{x) ~ 

g±i(20+i-|-0_i) _^ ^Ti{4>+i+24'-l) _ 



FIG. 1: (color online) Hopping Hamiltonian for fm- 

fermion of spin-1 magnets on kagome lattice. Solid red lines 
are 1st nearest neighbor (NN) hopping terms with real am- 
plitude tj", while dashed arrows represent 2nd NN hoppings 
with imaginary amplitude if™ ■ Cmi^i-r' between site r and 
r'. Here Vj-r' =4-1 along on the arrow direction, or —1 along 
the opposite direction. Cm = ±1 is the Chern number of the 
lowest band of this hopping Hamiltonian. ai,2 denote the two 
Bravais lattice vectors of kagome lattice and there are three 
lattice sites in each unit cell. 



for K = =F 



in (91 



The commutation 



^0 V 

relation [S^{x), S^{y)] — S{x — y)S^{y) is mi- 
plied by the Kac-Moody algebra [(j)+i{x),dx4>-i{y)] ~ 
[(j)-i{x),dx<j)+i{y)] = =F27ri(5(x— y) of chiral bosons {^fiii} 
on the edge. The transverse components constitute the 
gapless excitations on the edge. Under a spin rotation 
along z-axis the chiral bosons transform as 

g i e / (y)dy i / 5- {y)dy ^ ^ 

where m = ±1 in the spin-1 system. If U{l)s^ sym- 
metry is preserved, the edge excitations {4>±i{x)} must 
be gapless and transverse spin components {S'^{x)} 
have power-law correlations {S^ {x,t)S~ {0,t)) ~ l/ls;]"*. 
These edge states will remain gapless unless U{l)s^ sym- 
metry is spontaneously broken and transverse magnetic 
order is developed on the edge [13] . On the other hand, 
the component will in general be gapped and has ex- 
ponentially decaying correlations. 

Examples on kagome lattice and their parent Hamilto- 
nians — Here we demonstrate the above general construc- 
tion by an explicit example: C/(l)s^ -symmetric spin-1 
states on kagome lattice with spin quantum Hall effects. 
The parent Hamiltonians of these states are also derived 
from strong-coupling expansion ^3T] 132] . 

The fermion hoping Hamiltonian ([S]) for the U{l)s'- 
symmetric spin-1 states is shown in FIG.[l] 



(11) 



((rr')> 
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where (rr') and ((rr')) represent 1st and 2nd near- 
est neighbor pairs. Here t™,t^ < are real hopping 
parameters and /z™ is the chemical potential for fm- 
fermions. Cm = il is the Chcrn number of the low- 
est /m-fermion band (see FIG. [2|, which changes sign 
under time reversal. In the fermion state \fermion) in 
([5])-([6]) for spin-1 magnets, we require each species of 
fermions {fm\fn — 0, ±1} to fill their lowest band of hop- 
ping Hamiltonian (11). This can be done by choosing 
the chemical potential /i™ = t™ < in (11). One can 



see that on average there are 3 fermions per unit cell, or 
one fermion per site in \fermion), consistent with con- 
straint ^ for fermion representation ^ of spin-1. When 
we choose the Chern number of the filled lowest bands 
to be C+i = C_i = — Cq = ±1, after projection 
^ we obtain a non-fractionalized featureless spin-1 state 
with spin quantum Hall conductance a^y = ±2. Such a 
featureless state preserves all the lattice symmetries of 
kagome lattice fM'l as well as U{l)s' spin rotational sym- 
metry along the z-direction. However it does break time 
reversal symmetry, by having a quantized spin Hall con- 
ductance. It has no magnetization along direction, 
though. 

The above construction on kagome lattice can be gen- 
eralized to other two-dimensional lattices, as long as filled 
fermion bands have Chern numbers C+i = C_i = — Cq = 
±1 and one fermion per site on average. On square lattice 
e.g. , where there is one site per unit cell, in general we 
need to insert flux in each plaquette[32l [S^ for fermion 
hopping Hamiltonian ^ to satisfy the requirement for 
Chern numbers. Although flux insertion breaks the ex- 
plicit lattice translation symmetry for fermion hopping 
Hamiltonian, the spin-1 wavefunction ([5])-(|6]) after pro- 
jection still preserves lattice symmetries. 

The featureless spin-1 state \spin) is obtained from 
projection ([5|-([6]) on the fermion state \ fermion) . This 
"hard" projection can be implemented in a softer way, by 
introducing an energy penalty term for violating on-site 
constraint ([4| into fermion Hamiltonian ([8|. Specifically 
the following four-fermion interaction term 



Hi, 



can enforce the constraint Nj-j- = 1 in its low-energy 
subspace. In the strong-coupling limit |i™2l ^ the 
effective Hamiltonian in the zero-energy subspace of Hint 
can be derived from degenerate perturbation theory: 

^e//=Pff/(l + Qj^Qi//)"'p 

= VHfV - PHfQj^^QHfP + 0{^) 

where P is the projection operator onto the low-energy 
subspace fulfilling the single-occupancy constraint per 
site. Q = 1 — P projects into the high-energy subspace 




-n 



FIG. 2: (color online) Band structure of /m-fermion hopping 
Hamiltonian (111 in the 1st Brillouin zone of kagome lat- 
tice. The hopping parameters are chosen as = = — 1 
and — —1/2. The Chern number for the three bands 
are {Cm,—'2Cm,Cm} from bottom to top, with the choice 

Cm = ±1. 



where constraint ^ is violate. The low-energy subspace 
satisfying single-occupancy constraint is nothing but the 
spin-1 Hilbert space and we obtain a spin-1 Hamilto- 
nian which favors the projected groundstate of Hf as its 
groundstate. 



For the specific fermion model (111 on kagome lat- 
tice, the corresponding effective spin-1 model derived 
from strong-coupling perturbation theory has the follow- 
ing form (up to order ~ t^/U^ terms): 



Hhn nni 



kagome 



r 

^^Tr[TiMrT*Mr'] +i ^ TrJXzMrT^M, 



(rr') 



((r,r')> 
E ^r„r..r3 + E 

A 



(12) 



where A = diag(/x™) = diag(/i+^, /i~^) is the chem- 
ical potential matrix, while Ti = diag(i™) and T2 — 
diag(iCmi™) are 1st and 2nd NN fermion hopping matri- 
ces. Matrix Mr is defined in terms of local spin operators 
(or on-site fermion bilinears): 



M, 



= /r,//, 



t ^ 
r,m 



2-5;(5;+i) 

2 
2 



-s-s^ 

\/2 



2 

s^s- 

V2 

2-5;(5;-i; 
2 



The 1st line of this Hamiltonian represents on-site 
anisotropy terms, compatible with the U{l)s' spin rota- 
tional symmetry. The 2nd line are two- and four-spin in- 
teractions between 1st and 2nd NNs. They reduce to the 
SU{i) bilinear-biquadratic form S'r-S'r'-l-(5'r-5'r')^, when 
three species of fermions {/o, /±i} have exactly the same 
hopping parameters in ( 11 ). The 3rd line corresponds to 



ring exchange terms in three different types of lst/2nd 
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NN triangles: 



7^r 



Tr Mr,Tr,r3Mr3Tr3ri(E-MrJTrir. 



where E represents a 3 x 3 identity matrix. Trr' denotes 
the 3x3 fermion hopping matrix from site r to r'. Under 
time reversal operation, the spin-1 operators transform as 




It's straightforward to show that imaginary 2nd NN hop- 
pings with Chern number C+i = C_i = —Co = ±1 and 
< will lead to no time reversal symmetry in the 
spin-1 Hamiltonian Hkagome- Both the 2nd and 3rd line 
in model (12 1 break the time reversal symmetry. On the 



other hand, this spin-1 Hamiltonian does have U{l)s^ 
spin rotational symmetry, and all the kagome lattice sym- 
metries. 

From strong-coupling perturbation theory, we only de- 
rive the spin-1 Hamiltonian Hkagome up to 0{t^/U^) 
terms in t/U expansion. A careful study of spin-1 Hamil- 
tonian (12) and the effects of higher-order terms in per- 



turbation expansion are beyond the scope of this paper 
and we leave them to future studies. Actually a feature- 
less spin quantum Hall magnet on kagome lattice may be 



realized by model ( 12 ) without the ring-exchange terms. 

Conclusions — In this work we show that a class of 
gapped featureless non-fractionalized spin-1 paramag- 
nets, in analogy to AKLT state in a one-dimensional spin- 
1 chain, can be constructed on a generic two-dimensional 
lattice. Using the fermion representation of integer-spins 
we can write down the many-body wavefunction of these 
states, and derive microscopic Hamiltonians which may 
realize them on the kagome lattice. The bulk effective 
theory of these gapped phases are obtained, along with 
gapless edge excitations protected by U{l)s^ symmetry 
and quantized spin Hall conductance a^y — ±2 in unit of 
h/2'K. A concrete example is shown for spin-1 magnets on 
the two-dimensional kagome lattice, which preserves all 
the kagome lattice symmetries and has no magnetization. 
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[0, 2-k) for V m. 

We also want to mention that when H^^i — ^, , Vm 
in fermion hopping Hamiltonian the projected spin- 5* 
state ^ has full SO(i) spin rotational symmetry. When 
every fermion species has Chern number Cm = ±1, Vm, 
the resultant spin-1 state ([6]l is a chiral spin liquid'^ with 
Ki,i — K.2,2 ~ ±2 and Ki,2 = K.2,1 = ±1 in its effective 
theory ( |10[ ). It has chiral edge modes and spin quantum 
Hall effect (crj^ = ±2), as well as fractional excitations 
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in the bulk. To be specific tliere are two different anyon 
excitations: both have statistical angle 6 = but their 
mutual braiding statistics is 6' = ^ . 
[36] Here the usual mirror reflection symmetry is defined in a 



slightly different way: a mirror reflection operation along 
e.g. the horizontal line in FIG. [l] is followed by an anti- 
unitary time reversal operation. 



